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Homogenization
(1)

L =
∑

16i,j6d

∂

∂xi

(
aij(x)

∂

∂xj

)
.

(2) Oscillating coefficients

Lε =
∑

16i,j6d

∂

∂xi

(
aij

(x
ε

) ∂

∂xj

)
, ε > 0.

(3) Homogenization

Lε → L̄, ε→ 0,

where L̄ is with constant coefficient.

(i) Periodic homogenization: aij(x) is a periodic function (defined on Td).

(ii) Stochastic homogenization (in a stationary, ergodic random media):
aij(x;ω) = aij(τxω), where {τx}x∈Rd is a measurable group of
transformations defined on some probability space (Ω,F ,P), such that
{τx}x∈Rd is stationary and ergodic.
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(i) If (Xt)t>0 ∼ L, then (εXε−2t)t>0 ∼ Lε. (Diffusive scaling).

(ii)

Eε(f , g) =
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16i,j6d
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∂xi
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Known results for diffusive homogenization

periodic environment [Bensoussan, Lions and Papanicolaou 1975],
[Tatar 1976]

ergodic environment [Kozlov 1979], [Papanicolaou and Varadhan 1979]

Lε,ω → L̄ =
∑

16i,j6d

āij
∂2

∂xi∂xj
, ε→ 0, a.s.ω ∈ Ω

where āij = E[
∑

16k6d aij(0)(δkj + ψk
j (0))], ψk

j (x;ω) := ∂
∂xk
χj(x;ω),

Lχj(x;ω) = −
∑

16i6d

∂

∂xi
aij(x;ω).

Existence of corrector: L2 integrability of coefficients.
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Homogenization of stable-like operators

Question: Homogenization problem for stable-like operators

(1) What kind of stable-like operator L we will consider?

(2) How can we do the homogenization? What kind of scaling we will
choose?

(3) What expression of the limiting operator L̄?
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What kind of stable-like operator L under scaling with
the limiting operator L̄?
Let (Xt)t>0 be a α-stable-like process (not only α-stable Lévy process and, in
general, not having the scaling property) with generator as follow

Symmetric setting:

Lf (x) = p.v.
∫

(f (y)− f (x))
c(x, y)

|x− y|d+α
dy

where c(x, y) = c(y, x) for all x, y ∈ Rd.

Non-symmetric setting:

Lf (x) = p.v.
∫

(f (x + z)− f (x))
k(x, z)
|z|d+α

dz.

What kind of homogenization: For any ε > 0 and t > 0, let X(ε)
t := εXε−αt.

Question: We will consider that, under some assumptions, (X(ε)
t )t>0

converges to some (X̄t)t>0 as ε→ 0 and what is the expression for its
infinitesimal generator.
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Ergodic Environment

Let (Ω,F ,P) be a probability space with a group of transformation
{τx}x∈Rd such that

P(τxA) = P(A) for all A ∈ F and x ∈ Rd; (Stationary)

If A ∈ F and τxA = A for all x ∈ Rd, then P(A) ∈ {0, 1};
(Ergodic)

The function (x, ω) 7→ τxω is measurable; (Measurable)
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Symmetric stable-like operator L in random medium

Let (Xω
t )t>0 be a symmetric α-stable-like process with generator as

follow

Lωf (x) = p.v.
∫

(f (y)− f (x))
c(x, y;ω)

|x− y|d+α
dy

where c(x, y;ω) = c(y, x;ω) for all x, y ∈ Rd.

Non-local Dirichlet form:

Eω(f , g) =−
∫

f (x)Lωg(x) dx

=
1
2

∫∫
Rd×Rd

(f (x)− f (y))(g(x)− g(y))
c(x, y;ω)

|x− y|d+α
dx dy

on L2(Rd; dx).
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Non-local symmetric Dirichlet form: starting point

A little more general, allowing the degenerate reference measure:

Eω(f , g) :=
1
2

∫∫
Rd×Rd

(f (x)− f (y))(g(x)− g(y))
c(x, y;ω)

|x− y|d+α
dx dy

on L2(Rd;µ(x;ω) dx).

The corresponding operator on L2(Rd;µ(x;ω) dx):

Lωf (x) =
1

µ(x;ω)

∫
Rd

(f (y)− f (x))
c(x, y;ω)

|x− y|d+α
dy.

Translation invariance of coefficients: c(x + z, y + z;ω) = c(x, y; τzω),
µ(x + z;ω) = µ(x; τzω).
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Scaling processes

For any ε > 0, set Xε,ω = (Xε,ωt )t>0 := (εXωε−αt)t>0.

Lemma

The process Xε,ω enjoys a symmetric measure µε,ω(dx) = µ
( x
ε ;ω
)

dx, and the
associated regular Dirichlet form (Eε,ω,Fε,ω) on L2(Rd;µε,ω(dx)) is given
by

Eε,ω(f , g) =
1
2

∫∫
(f (x)− f (y))(g(x)− g(y))

c
( x
ε ,

y
ε ;ω
)

|x− y|d+α
dx dy.

Limiting Dirichlet form:

Ē(f , g) =
1
2

∫∫
(f (y)− f (x))(g(y)− g(x))

k̄(x− y)

|x− y|d+α
dx dy,

where k̄(z) = k̄(−z) for all z ∈ Rd.
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Assumption
Assumption (A-µ) Suppose Eµ(0;ω) = 1.∫

f (x)µ(x/ε;ω) dx =

∫
f (x)µ(0; τx/εω) dx

→
∫

f (x)Eµ(0;ω) dx =

∫
f (x) dx.)

What we need is

c
(x
ε
,

y
ε

;ω
)
99K k̄(x− y), ε→ 0.

Difficulty

c
(x
ε
,

y
ε

;ω
)

= c
(

0,
y− x
ε

; τ x
ε
ω

)
99K k̄(x− y)???, ε→ 0.

Ec(0, z/ε;ω)? or c(0, z/ε;ω)?

Difficulty The jumping kernel is not L2 integrable, not easy to construct
corrector.

Xin Chen (SJTU) Homogenization of stable-like operators July 11-15, 2019; JLU 15 / 38



Assumption
Assumption (A-µ) Suppose Eµ(0;ω) = 1.∫

f (x)µ(x/ε;ω) dx =

∫
f (x)µ(0; τx/εω) dx

→
∫

f (x)Eµ(0;ω) dx =

∫
f (x) dx.)

What we need is

c
(x
ε
,

y
ε

;ω
)
99K k̄(x− y), ε→ 0.

Difficulty

c
(x
ε
,

y
ε

;ω
)

= c
(

0,
y− x
ε

; τ x
ε
ω

)
99K k̄(x− y)???, ε→ 0.

Ec(0, z/ε;ω)? or c(0, z/ε;ω)?

Difficulty The jumping kernel is not L2 integrable, not easy to construct
corrector.

Xin Chen (SJTU) Homogenization of stable-like operators July 11-15, 2019; JLU 15 / 38



Assumption
Assumption (A-µ) Suppose Eµ(0;ω) = 1.∫

f (x)µ(x/ε;ω) dx =

∫
f (x)µ(0; τx/εω) dx

→
∫

f (x)Eµ(0;ω) dx =

∫
f (x) dx.)

What we need is

c
(x
ε
,

y
ε

;ω
)
99K k̄(x− y), ε→ 0.

Difficulty

c
(x
ε
,

y
ε

;ω
)

= c
(

0,
y− x
ε

; τ x
ε
ω

)
99K k̄(x− y)???, ε→ 0.

Ec(0, z/ε;ω)? or c(0, z/ε;ω)?

Difficulty The jumping kernel is not L2 integrable, not easy to construct
corrector.

Xin Chen (SJTU) Homogenization of stable-like operators July 11-15, 2019; JLU 15 / 38



Assumption
Assumption (A-µ) Suppose Eµ(0;ω) = 1.∫

f (x)µ(x/ε;ω) dx =

∫
f (x)µ(0; τx/εω) dx

→
∫

f (x)Eµ(0;ω) dx =

∫
f (x) dx.)

What we need is

c
(x
ε
,

y
ε

;ω
)
99K k̄(x− y), ε→ 0.

Difficulty

c
(x
ε
,

y
ε

;ω
)

= c
(

0,
y− x
ε

; τ x
ε
ω

)
99K k̄(x− y)???, ε→ 0.

Ec(0, z/ε;ω)? or c(0, z/ε;ω)?

Difficulty The jumping kernel is not L2 integrable, not easy to construct
corrector.

Xin Chen (SJTU) Homogenization of stable-like operators July 11-15, 2019; JLU 15 / 38



Known results

[Z.Q. Chen, P. Kim and T.Kumagai 2013] Homogenization for random
conductance model on Zd with mutually independent conductance.

[M. Kassmann, A. Piatnitski and E. Zhizhina 2018]
If c(x, y;ω) = σ1(x;ω)σ1(y;ω) = σ1(0; τxω)σ1(0; τyω),
0 < K1 6 c(x, y;ω) 6 K2 and µ(x;ω) = σ2(0;τxω)

σ1(0;τxω) , then for a.s. ω ∈ Ω

and f ∈ C2
c(Rd),

lim
ε→0

∫
Rd
|Uε,ω
λ f (x)− Ūλf (x)|2dx = 0,

where Ūλf is the resolvent associated with

E(f , g) =
1
2

∫∫
Rd×Rd

(f (x)− f (y))(g(x)− g(y))
(E[σ1(0;ω)])2

|x− y|d+α
dx dy
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Known results

[X. Chen, T.Kumagai and J. Wang 2018] Quenched invariance principle
(limit of process with initial point fixed), large scale parabolic regularity
for symmetric stable-like process on random conductance model on Zd

with mutually independent conductance.

[X. Chen, T.Kumagai and J. Wang 2018] Large time heat kernel
estimates

C1
(
t−d/α ∧ t

|x− y|d+α

)
6 pω(t, x, y) 6 C2

(
t−d/α ∧ t

|x− y|d+α

)
,

∀ t > (Rx(ω) ∨ |x− y|)θ
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Homogenization of symmetric stable-like operators

Question:

What is the case for the c(x, y;ω) with more general form? Under this
case, what is the expression for E?

Could we prove the result without uniform ellipticity condition
0 < K1 6 c(x, y;ω) 6 K2 <∞?
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Assumptions on the coefficient c(x, y;ω)
(Form-1) : There exists a measurable function k : Rd ×Ω→ [0,∞) such that

c(x, y;ω) = k(y− x; τxω) + k(x− y; τyω),

sup
z∈Rd

Ek(z; ·)2 <∞,

There are constants l > d and C0 > 0 so that for any z1, z2 and x ∈ Rd,∣∣∣E(k(z1; ·)k(z2; τx·)
)
−Ek(z1; ·) · Ek(z2; ·)

∣∣∣
6 C0‖k(z1; ·)‖L2(Ω;P)‖k(z2; ·)‖L2(Ω;P)

(
1 ∧ |x|−l),

lim
ε→0

sup
|z|6r

∣∣∣E c
(

0,
z
ε

;ω
)
− K(z)

∣∣∣ = 0, r > 0,

for a function K(z) satisfying 0 < K1 6 K(z) 6 K2 <∞.
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Assumptions on the coefficient c(x, y;ω)

(Form-2) : There exists a measurable function k : Rd × Ω→ [0,∞)
such that c(x, y;ω) = k(y− x; τxω) + k(x− y; τyω), and for a.s. ω ∈ Ω
and r > 0,

lim
ε→0

sup
|x|6r,|z|6r

∣∣∣k (x
ε

; τ z
ε
ω
)
− k̄(x; τ z

ε
ω)
∣∣∣ = 0,

where k̄ is a measurable function such that the function
0 < C1 6 E k̄(z; ·) 6 C2 <∞ for some positive constants C1, C2.

(Form-2) includes the scaling invariant condition k(z;ω) = k
( z
ε ;ω
)

adopted in [Schwab 2014].

Another model: k(z;ω) is periodic with respect to z.
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Assumptions on the coefficient c(x, y;ω)

(Bound-1) There are nonnegative random variables Λ1(ω) 6 Λ2(ω)
such that for a.s. ω ∈ Ω and x, y ∈ Rd,

Λ1(τxω) + Λ1(τyω) 6 c(x, y;ω) 6 Λ2(τxω) + Λ2(τyω),

and for some p > 1, q > 1,

E
(
Λ−q

1 (·) + Λp
2(·) + µp(0; ·)

)
<∞.
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Assumptions on the coefficient c(x, y;ω)

(Bound-2) There are nonnegative random variables Λ1(ω) 6 Λ2(ω)
such that for a.s. ω ∈ Ω,

Λ1(τxω)Λ1(τyω) 6 c(x, y;ω) 6 Λ2(τxω)Λ2(τyω), x, y ∈ Rd,

and
E
(
Λ−q

1 (·) + Λp
2(·) + µp/2(0; ·)

)
<∞

for some constants p > 2 and q > 2.
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Main Theorem

Theorem
Suppose that (Form-1) and (Bound-1) hold. Then, for a.s. ω ∈ Ω, any
f ∈ C∞c (Rd) and λ > 0,

lim
ε→0

∫
Rd
|Uε,ω
λ f (x)− Ūλf (x)|2µ

(x
ε

;ω
)
dx = 0,

where Ūλf is the resolvent associated with

E(f , g) =
1
2

∫∫
(f (x)− f (y))(g(x)− g(y))

K(x− y) + K(y− x)

|x− y|d+α
dx dy.
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Mosco Convergence

Mosco convergence with changing measures ([Kuwae-Shioya 2003],
[Kolesnikov 2005]):

For every sequence {fn}n>1 on L2(Rd;µεn(dx)) converging weakly
to f ∈ L2(Rd; dx),

lim inf
n→∞

Eεn,ω(fn, fn) > E(f , f ).

For any f ∈ L2(Rd; dx), there is {fn}>1 ⊂ L2(Rd;µεn(dx))
converging strongly to f such that

lim sup
n→∞

Eεn,ω(fn, fn) 6 E(f , f ).
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Main Theorem

Theorem
Suppose that (Form-2) and (Bound-1) hold. Then, for a.s. ω ∈ Ω, any
f ∈ C∞c (Rd) and λ > 0,

lim
ε→0

∫
Rd
|Uε,ω
λ f (x)− Ūλf (x)|2µ

(x
ε

;ω
)
dx = 0,

where Ūλf is the resolvent associated with

E(f , g) =
1
2

∫∫
(f (x)− f (y))(g(x)− g(y))

E[k̄(x− y) + k̄(y− x)]

|x− y|d+α
dx dy.
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Main Theorem

Theorem

Suppose that c(x, y;ω) = σ1(0; τxω)σ1(0; τyω), µ(x;ω) = σ2(0;τxω)
σ1(0;τxω) and

(Bound-2) hold. Then, for a.s. ω ∈ Ω, any f ∈ C∞c (Rd) and λ > 0,

lim
ε→0

∫
Rd
|Uε,ω
λ f (x)− Ūλf (x)|2µ

(x
ε

;ω
)
dx = 0,

where Ūλf is the resolvent associated with

E(f , g) =
1
2

∫∫
(f (x)− f (y))(g(x)− g(y))

E[σ1(ω)]2
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Non-symmetric setting

Let α ∈ (0, 1). Consider the following operator acting on C2
b(Rd):

Lf (x) =

∫
Rd

(f (y)− f (x))
c(x, y)

|x− y|d+α
dy

=

∫
Rd

(f (y)− f (x))
k(x, z)
|z|d+α

dz.

(Note that, c(x, y) is not symmetric with respect to (x, y) and
k(x, z) = c(x, x + z).)

Coefficients: Let c(x, y) : Rd ×Rd → (0,∞) be periodic with respect to
both variables such that

(i) 0 < C1 6 c(x, y) 6 C2 <∞ for all x, y ∈ Rd.
(ii) k(·, ·) ∈ C2,1

b (Rd × Rd).

Let (Xt)>0 be the process associated with L.
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Known Results

[M. Kassmann, A. Piatnitski and E. Zhizhina 2018]
If α ∈ (0, 1), then εXε−α· → X̄· with corresponding infinitesimal
generator

L̄f (x) =

∫
Rd

(f (x + z)− f (x))
k̄

|z|d+α
dz,

where k̄ =
∫∫

Td×Td k(y, z)dzµ̄(dy) with µ̄ being the invariant measure
for (Xt)t>0.

Question: What is the case for α ∈ [1, 2).
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Settings: periodic homogenization

Let α ∈ (1, 2). Consider the following operator acting on C2
b(Rd):

Lf (x) = p.v.
∫
Rd

(f (x + z)− f (x))
k(x, z)
|z|d+α

dz

=

∫
Rd

(f (x + z)− f (x)− 〈∇f (x), z〉) k(x, z)
|z|d+α

dz + 〈∇f (x), b0(x)〉,

where

b0(x) :=
1
2

∫
z

(k(x, z)− k(x,−z))
|z|d+α

dz, x ∈ Rd.

(Note that, here we do not require that k(x, z) = k(x,−z) for all
x, z ∈ Rd.)
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Non-symmetric α-stable-like processes
Let α ∈ (1, 2).

Lf (x) =

∫
Rd

(f (x + z)− f (x))
k(x, z)
|z|d+α

dz

=

∫
Rd

(f (x + z)− f (x)− 〈∇f (x), z〉) k(x, z)
|z|d+α

dz + 〈∇f (x), b0(x)〉.

We need the continuity of z to ensure the regularity of b0.

Lf (x) =

∫
Rd

(f (x + z)− f (x)− 〈∇f (x), z〉) k(x, z)
|z|d+α

dz + 〈∇f (x), b(x)〉.

(Note that, for this the continuity of k(x, z) with respect to z is not
required. We only need to assume that b is bounded.)

There exists a non-symmetric α-stable-like process X := (Xt)t>0, see
Chen-Zhang (14’,18’).

To establish the limit of the scaling process (εXε−αt)t>0.
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Non-symmetric α-stable-like processes

Let α = 1.

Lf (x) =

∫
Rd

(f (x + z)− f (x))
k(x, z)
|z|d+α

dz

=

∫
|z|6 1

ε

(f (x + z)− f (x)− 〈∇f (x), z〉) k(x, z)
|z|d+α

dz + 〈∇f (x), bε0(x)〉,

where bε0(x) = 1
2

∫
|z|6 1

ε
z k(x,z)−k(x,−z)

|z|d+α dz.
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Main result
Theorem
If α ∈ (1, 2), there exist a vector b̄0 ∈ Rd and a constant k̄0 > 0 such that the
process {ε(Xε−αt − ε−αb̄0t)}t>0 converges, as ε→ 0, in the Skorokhod
topology to a rotationally invariant α-stable Lévy process X̄ with the
generator

L̄f (x) =

∫
(f (x + z)− f (x)− 〈∇f (x), z〉) k̄0

|z|d+α
dz.

Additionally, when b0(x) ≡ 0 for all x ∈ Rd (in particular, in balanced case:
k(x, z) = k(x,−z) for all x, z ∈ Rd), then b̄0 = 0.

Lf (x) =

∫
Rd

(f (x + z)− f (x)− 〈∇f (x), z〉) k(x, z)
|z|d+α

dz + 〈∇f (x), b0(x)〉.

b0(x) :=
1
2

∫
z

(k(x, z)− k(x,−z))
|z|d+α

dz, x ∈ Rd.
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Main result
Theorem
If α ∈ (1, 2), there exist a vector b̄0 ∈ Rd and a constant k̄0 > 0 such that the
process

{ε(Xε−αt − ε−αb̄0t)}t>0

converges, as ε→ 0, in the Skorokhod topology to a rotationally invariant
α-stable Lévy process X̄ with Lévy measure k̄0

|z|d+α dz.

Let XTd
be the projection of the process X from Rd to Td := (R/Z)d.

Then, XTd
has a unique invariable probability measure µ̄(dx). Moreover,

b̄0 =

∫
Td

b0(x) µ̄(dx), k̄0 =

∫∫
Td×Td

k(y, z) dz µ̄(dy).

Central limit theorem for stable laws. Non-central limit theorem when
α ∈ (1, 2).
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Main result
Theorem
If α = 1, there exist a vector b̄ε0 ∈ Rd and a constant k̄0 > 0 such that the
process

{εXε−1t − b̄ε0t)}t>0

converges, as ε→ 0, in the Skorokhod topology to a rotationally invariant
α-stable Lévy process X̄ with Lévy measure k̄0

|z|d+1 dz.

b̄ε0 =

∫
Td

bε0(x) µ̄(dx), k̄0 =

∫∫
Td×Td

k(y, z) dz µ̄(dy).

If b̄ε0 → b̄0 as ε→ 0, then εXε−1· → X̄· with corresponding infinitesimal
generator

L̄f (x) =

∫
Rd

(f (x + z)− f (x))
k̄0

|z|d+1 dz + 〈∇f (x), b̄0〉.
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Thank you for your attention!
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