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O Aim

© Symmetric setting: ergodic medium
e Framework: Dirichlet form
e Main results

© Non-symmetric case: periodic coefficient
o Framework: operator
e Main result
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Homogenization

(1) 5 5
1<ij<d

(2) Oscillating coefficients

(3) Homogenization

LF—L, ¢—0,
where L is with constant coefficient.

(i) Periodic homogenization: a;j(x) is a periodic function (defined on T9).

(ii) Stochastic homogenization (in a stationary, ergodic random media):
aij(x; w) = a;j(Tyw), where {7y} ,cre is @ measurable group of
transformations defined on some probability space (€2, F,P), such that

{7x}xera 1s stationary and ergodic.
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(i) If (X;);>0 ~ L, then (¢X_ »,),>0 ~ L°. (Diffusive scaling).
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(i) If (X;);>0 ~ L, then (¢X_ »,),>0 ~ L°. (Diffusive scaling).
(ii)
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Known results for diffusive homogenization

@ periodic environment [Bensoussan, Lions and Papanicolaou 1975],
[Tatar 1976]

@ ergodic environment [Kozlov 1979], [Papanicolaou and Varadhan 1979]

2
LEY S [ = Z alj@j@xj e —0,as5.w e
1<iy<d
where @ = E[32) g aij(0) (8 + 95 (0))], f (x;w) 1= g xi(x5 ),
0
Lyj(x;w) = — Z aaij(x;w).

1<i<d

@ Existence of corrector: L? integrability of coefficients.
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Homogenization of stable-like operators

Question: Homogenization problem for stable-like operators

(1) What kind of stable-like operator L we will consider?

(2) How can we do the homogenization? What kind of scaling we will
choose?

(3) What expression of the limiting operator L?
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What kind of stable-like operator L under scaling with

the limiting operator L?
Let (X;);>0 be a a-stable-like process (not only a-stable Lévy process and, in
general, not having the scaling property) with generator as follow

@ Symmetric setting:
XY
=pv /(f (y‘d)—i-a dy

where c(x,y) = c(y, x) for all x,y € R,
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the limiting operator L?
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pV/(f (X‘?Mdy
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What kind of homogenization: For any € > 0 and ¢ > 0, let X,(E) = X, —ay.
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What kind of stable-like operator L under scaling with

the limiting operator L?
Let (X;);>0 be a a-stable-like process (not only a-stable Lévy process and, in
general, not having the scaling property) with generator as follow

@ Symmetric setting:

- / 7o) (Xy\{’)ﬂ“ @

where c(x,y) = c(y, x) for all x,y € R,

@ Non-symmetric setting:

0 =p. [Gx+2) ))ﬁdﬂf &2

What kind of homogenization: For any € > 0 and ¢ > 0, let X,(E) = X, —ay.
Question: We will consider that, under some assumptions, (X,(E) )>0
converges to some (X;);>0 as € — 0 and what is the expression for its
infinitesimal generator.
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Known results
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© Symmetric setting: ergodic medium
e Framework: Dirichlet form
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Ergodic Environment

Let (2, F,P) be a probability space with a group of transformation
{7 }xere such that

o P(1,A) = P(A) for all A € F and x € R?; (Stationary)

o IfA € Fand,A = A forall x € R? then P(A) € {0,1};
(Ergodic)

@ The function (x,w) — 7w is measurable; (Measurable)
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Symmetric stable-like operator L in random medium

Let (X

t
follow

)i=0 be a symmetric a-stable-like process with generator as

*]
L2f(x) = p.v. / ) i §|’d+)a d

where ¢(x, y;w) = ¢(y, x;w) forall x,y € Rd.
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Symmetric stable-like operator L in random medium

Let (X

t
follow

)i=0 be a symmetric a-stable-like process with generator as

*]
LYf(x) = p.v. / f () (x y|’d+)a dy

where ¢(x, y;w) = ¢(y, x;w) forall x,y € Rd.

@ Non-local Dirichlet form:
) =- [ oo
: _ ooy i)
=2 //Rded(f(X) FO)(80) = 80)) = e dxdy

on L*(R?; dx).

Xin Chen (SJTU) Homogenization of stable-like operators July 11-15, 2019; JLU 12/38



Non-local symmetric Dirichlet form:

@ A little more general, allowing the degenerate reference measure:

)=y [[[ 0 -1 - gD axay

on L?(RY; 1u(x; w) dx).

@ The corresponding operator on L*(R?; u(x; w) dx):

L) = [0 ) S

p(x w) x =y

@ Translation invariance of coefficients: ¢(x + z,y + z;w) = c(x,y; Lw),
p(x 4+ z;w) = p(x; Tw).
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Scaling processes

Forany & > 0, set X* = (X))o := (eX“,

(

>I>0-

Lemma

The process X**“ enjoys a symmetric measure (1= (dx) = M(
associated regular Dirichlet form (£5% F**) on L*(R%; u®

-3 /fve

x Y.
C(;vgv

E(f, 8) (8(x) —g(y)

’x _ y‘d—l-a

X.
g’

“(dx)) is given

w)

dxdy.

) dx, and the
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Scaling processes

For any e > 0, set X= = (X;),~0 := (eX*_..,) >0

Lemma

The process X**“ enjoys a symmetric measure (1= (dx) = M(f ) dx, and the
associated regular Dirichlet form (£5%, F*) on L*(R?; = (dx)) is given
by

£, =3 [0 5060 - 0N 7= axay

Limiting Dirichlet form:
k(x — y)
2.0 =5 [[ 00 D(&0) ~ 80) i deds.

where k(z) = k(—z) for all z € R?.
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@ Assumption (A-p) Suppose E 11(0;w) = 1.
[ semta/zinds = [ 10007y

—>/f YEw(0 dx—/f ) dx.)
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@ Assumption (A-p) Suppose E 11(0;w) = 1.
[ semta/zinds = [ 10007y

—>/f YEw(0 dx—/f ) dx.)

@ What we need is
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@ Assumption (A-p) Suppose E 11(0;w) = 1.
[ semta/zinds = [ 10007y

—>/f YEw(0 dx—/f ) dx.)

@ What we need is

o Difficulty

c(iﬂX;w) —c (o,y_x;w> —o k(x—y)?7?, 0.
g € 3 N
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@ Assumption (A-p) Suppose E 11(0;w) = 1.
[ semta/zinds = [ 10007y

—>/f YEw(0 dx—/f ) dx.)

@ What we need is

o Difficulty

c <)£, X;w) =c (0, H;Txtu) - k(x —y)???, e—0.
€€ € €
Ec(0,z/e;w)? orc(0,z/e;w)?
o Difficulty The jumping kernel is not L? integrable, not easy to construct
corrector.
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Known results

@ [Z.Q. Chen, P. Kim and T.Kumagai 2013] Homogenization for random
conductance model on Z? with mutually independent conductance.

@ [M. Kassmann, A. Piatnitski and E. Zhizhina 2018]
If ¢(x, y;w) = 01 (x;w)01(y;w) = 01(0; Tw) o1 (0; Tyw),
0 < Ky < c(x,y;w) < Ks and p(x;w) = nggzzg, then for a.s. w €
and f € C2(RY),

Jim /R NURP ()~ Ol =0,

e—0
where U,f is the resolvent associated with

o1 (0: w2
g.00 =5 ([0t - - o) EE gy
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Known results

@ [X. Chen, T.Kumagai and J. Wang 2018] Quenched invariance principle
(limit of process with initial point fixed), large scale parabolic regularity
for symmetric stable-like process on random conductance model on Z¢
with mutually independent conductance.

@ [X. Chen, T.Kumagai and J. Wang 2018] Large time heat kernel
estimates

t

t
)

‘x _y|d+oz

V> (Re(w) V |x —y|)0

C (t_d/a A ) <pU(t,x,y) < G (t_d/a A
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Homogenization of symmetric stable-like operators

Question:
@ What is the case for the ¢(x, y; w) with more general form? Under this
case, what is the expression for £?

@ Could we prove the result without uniform ellipticity condition
0 <K <clx,y;w) < Ky < o0?
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© Symmetric setting: ergodic medium

e Main results
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Assumptions on the coefficient c(x, y; w)
x € — |0, 00) such that

(Form-1) : There exists a measurable function k : R“

@ c(x,y;w) = k(y — x; ow) + k(x — y; yw),

°
sup Ek(z;-)? < oo,
zER4

@ There are constants [ > d and Cy > 0 so that for any z;, zp and x € R,
‘E(k(zn V(223 72) ) —Ek(z1; -) - Ek(z2; .)‘

< Collk(z1; )l r2up) 15225 )2y (1 A 17,

lim sup
e—0 |Z‘<r

Ec(o,g;w) —K(z)‘ —0, r>0,

for a function K(z) satisfying 0 < K| < K(z) < Kz < o0.
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Assumptions on the coefficient c(x, y; w)

(Form-2) : There exists a measurable function k : R? x Q — [0, c0)
such that ¢(x, y;w) = k(y — x; ow) + k(x — y: 7yw), and for a.s. w € Q
and r > 0,

k (f, T;w> — k(x; Tiw)‘ =0,

lim sup =3 T

=0 |x|<r |zl <r

where k is a measurable function such that the function
0 < C, <Ek(z;+) < G, < oo for some positive constants Cy, C,.

@ (Form-2) includes the scaling invariant condition k(z;w) = k (¥;w)
adopted in [Schwab 2014].

@ Another model: k(z; w) is periodic with respect to z.
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Assumptions on the coefficient c(x, y; w)

(Bound-1) There are nonnegative random variables A;(w) < A, (w)
such that for a.s. w € Q and x,y € R,

Ar(r) + Ai(1) < e,y w) < Aalrw) + Ao(rw),
and for somep > 1,9 > 1,

E(AT() + A5() + #7(0; ) < oo
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Assumptions on the coefficient c(x, y; w)

(Bound-2) There are nonnegative random variables A (w) < A, (w)
such that for a.s. w € €,

A (Tw) A (rw) < e(x,y;w) < Ap(mw) Ao (rw),  x,y € RY

and
E(ATI() + A5 () + (05 ) < o0

for some constants p > 2 and g > 2.
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Main Theorem

Suppose that (Form-1) and (Bound-1) hold. Then, for a.s. w € §Q, any
f € C*RY) and \ > 0,

lim [ |US“F(x) — Onf(x) (s w)dx = 0,

e—0 Jpa €

where U\f is the resolvent associated with

£0.8) = 3 [0~ 10Nt - s0) 2= vy,
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Mosco Convergence

Mosco convergence with changing measures ([Kuwae-Shioya 2003],
[Kolesnikov 2005]):

e For every sequence {f; },>1 on L*(R?; 11, (dx)) converging weakly
to f € L*(R%; dx),

liminf £ (f,,f,) = E(f.f).

e For any f € L*(R?; dx), there is {f,}>1 C L*(R?; p., (dx))
converging strongly to f such that

limsup £ (f,., ) < E(f,f).

n—00
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Main Theorem

Suppose that (Form-2) and (Bound-1) hold. Then, for a.s. w € §, any
f € C*RY) and \ > 0,

1 W T 2 x. —
tim [ 10540 = Dnf (0 (Cse)ds =0,

where U,f is the resolvent associated with

£0.6) = 5 [ [0~ £0)e) s = 2= vy,
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Main Theorem

Theorem

Suppose that c(x,y;w) = 01(0; ww) o1 (0; yw), p(x;w) = % and

(Bound-2) hold. Then, for a.s. w € Q, any f € CZ°(R?) and \ > 0,

lim | U370 = Unf () Pua(Z5 ) dx = 0,

e—0 €

where U\f is the resolvent associated with

Efo;(w)]?
8.0 =5 [0 ~10)e) - g0)) 7L v
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© Non-symmetric case: periodic coefficient
o Framework: operator
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Non-symmetric setting

@ Let o € (0, 1). Consider the following operator acting on CZ(R9):

10 = [ 10)~00)

B ety k(x,z)
- [ 60 —r) T a

(Note that, c(x,y) is not symmetric with respect to (x,y) and
k(x,z) = c(x,x+z).)

@ Coefficients: Let c(x,y) : RY x R? — (0, 00) be periodic with respect to
both variables such that

(i) 0< C; <c(x,y) <Cy < occforall x,y € RY
(i) k(-,) € C;'' (RY x RY).

@ Let (X;)>0 be the process associated with L.
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Known Results

@ [M. Kassmann, A. Piatnitski and E. Zhizhina 2018]
If & € (0, 1), then eX.—o. — X. with corresponding infinitesimal
generator

9= [ 6+9 =) s |§+adz,

where k = [ [y k(v, 2)dzji(dy) with [ being the invariant measure
for (X;);>o0.

@ Question: What is the case for « € [1,2).
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Settings: periodic homogenization

@ Let o € (1,2). Consider the following operator acting on CZ(R¢):

L) =po. [ (le2) = F00) {55

= [ e 2) =700 (570020 {55 e (V0. b))

where

bo(x) := ;/z (K, Z)|Z|_d]j((f’ %) dz, xeR%

July 11-15, 2019; JLU 31/38
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Settings: periodic homogenization

@ Let o € (1,2). Consider the following operator acting on CZ(R¢):

k
L) =po. [ (le2) = F00) {55
k
= [ e 2) =700 (570020 {55 e (V0. b))
where L[ (kD) — k)
x,7) — k(x, —z
bo(x) := 2/z PG dz, xeR%
(Note that, here we do not require that k(x,z) = k(x, —z) for all
x,z € R%)

Xin Chen (SJTU) Homogenization of stable-like operators July 11-15, 2019; JLU 31/38



Settings: periodic homogenization

@ Let o € (1,2). Consider the following operator acting on CZ(R¢):

k
L) =po. [ (le2) = F00) {55
k
= [ e 2) =700 (570020 {55 e (V0. b))
where L[ (kD) — k)
x,7) — k(x, —z
bo(x) := 2/z PG dz, xeR%
(Note that, here we do not require that k(x,z) = k(x, —z) for all
x,z € R%)

Xin Chen (SJTU) Homogenization of stable-like operators July 11-15, 2019; JLU 31/38



Non-symmetric a-stable-like processes

@ Leta € (1,2).

L0 = [ ) —r) D

= [ e 2) = 700 (570020 {55 de ot (V0. b))

We need the continuity of z to ensure the regularity of by.
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Non-symmetric a-stable-like processes

@ Leta € (1,2).

L0 = [ ) —r) D

= [ e 2) = 700 (570020 {55 de ot (V0. b))

We need the continuity of z to ensure the regularity of by.

= [ 2 =) = (OF0,21) i e (7). b))

(Note that, for this the continuity of k(x, z) with respect to z is not
required. We only need to assume that b is bounded.)
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Non-symmetric a-stable-like processes

@ Leta € (1,2).

L0 = [ ) —r) D

= [ e 2) = 700 (570020 {55 de ot (V0. b))

We need the continuity of z to ensure the regularity of by.

= [ 2 =) = (OF0,21) i e (7). b))

(Note that, for this the continuity of k(x, z) with respect to z is not
required. We only need to assume that b is bounded.)

@ There exists a non-symmetric a-stable-like process X := (X;),>0, see
Chen-Zhang (14°,18’).

@ To establish the limit of the scaling process (€X,—a;)>0.
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Non-symmetric a-stable-like processes

@ Leta=1.

= [ G0 s 12

= [ 2 =70 — (70020 (5 e+ (97,050,

1
|Z|<g

_ 1 k(xvz)fk(xvfz)
where b (x) = 5 <l T e 4z
€
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© Non-symmetric case: periodic coefficient

e Main result
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Main result
Theorem

If o € (1,2), there exist a vector by € R and a constant ko > 0 such that the
process {e(X.—a; — e “bot) } =0 converges, as € — 0, in the Skorokhod
topology to a rotationally invariant a-stable Lévy process X with the
generator

ko

|z|dTe dz.

If() = / (Fx+2) — £(x) — (TF(x),2))
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Main result
Theorem

If o € (1,2), there exist a vector by € R and a constant ko > 0 such that the
process {2(X. o, — & “bot) } ;>0 converges, as ¢ — 0, in the Skorokhod
topology to a rotationally invariant a-stable Lévy process X with the
generator

D) = [ (0+2) =) = (W (0),2)) e
’ ‘ Z’d—i—a

Additionally, when by(x) = 0 for all x € ]@d (in particular, in balanced case:
k(x,7) = k(x, —z) for all x,z € RY), then by = 0.

00 = [ (ot 2~ 0) = (970,20) Tod i (S0, b))
bo(x) := ;/Z (kix, Z)|z\_””]:‘(1x’ —2) dz, xcRY
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Main result

If a € (1,2), there exist a vector bo € R? and a constant kg > 0 such that the
process

{E(Xefar = E_QB()[)};>0

converges, as € — 0, in the Skorokhod topology to a rotationally invariant
a-stable Lévy process X with Lévy measure Hﬁ% dz.

@ Let X™ be the projection of the process X from R to T¢ := (R /Z).
Then, X has a unique invariable probability measure fi(dx). Moreover,

bo = /T o) (), Fo= / /T o kn2) ()

Xin Chen (SJTU) Homogenization of stable-like operators July 11-15, 2019; JLU 36/38



Main result

If a € (1,2), there exist a vector bo € R? and a constant kg > 0 such that the
process

{E(Xefar = E_a[;()l)};>0

converges, as € — 0, in the Skorokhod topology to a rotationally invariant
a-stable Lévy process X with Lévy measure I\f’% dz.

@ Let X™ be the projection of the process X from R to T¢ := (R /Z).
Then, X has a unique invariable probability measure fi(dx). Moreover,

bo = /T o) (), Fo= / /T o kn2) ()

@ Central limit theorem for stable laws.
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Main result

If a € (1,2), there exist a vector bo € R? and a constant kg > 0 such that the
process

{E(Xefar = E_a[;()l)};>0

converges, as € — 0, in the Skorokhod topology to a rotationally invariant
a-stable Lévy process X with Lévy measure I\f’% dz.

@ Let X™ be the projection of the process X from R to T¢ := (R /Z).
Then, X has a unique invariable probability measure fi(dx). Moreover,

bo = /T o) (), Fo= / /T o kn2) ()

@ Central limit theorem for stable laws. Non-central limit theorem when
a € (1,2).
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Main result

If o = 1, there exist a vector 138 € R? and a constant ko > 0 such that the
process

{eXe—1, — ]_76[)}120

converges, as € — 0, in the Skorokhod topology to a rotationally invariant
a-stable Lévy process X with Lévy measure M’f% dz.

By = /T D) ), o = / /T K2 el

@ If b5 — by as e — 0, then X1, — X. with corresponding infinitesimal
generator

) = [ (e 2) ~(0) s + (7). o)
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Thank you for your attention!

n of stable-like operators July 11-15, 2019; JLU 38/38



	Aim
	Symmetric setting: ergodic medium
	Framework: Dirichlet form
	Main results

	Non-symmetric case: periodic coefficient
	Framework: operator
	Main result


